We extend theorems of É. Cartan, Nomizu, Münzner, Q.M. Wang, and Ge-Tang on isoparametric functions to transnormal functions on a general Riemannian manifold. We show that if a complete Riemannian manifold M admits a transnormal function, then M is diffeomorphic to either a vector bundle over a submanifold, or a union of two disk bundles over two submanifolds. Moreover, a singular level set Q is austere and minimal, if exists, and generic level sets are tubes over Q . We give a criterion for a transnormal function to be an isoparametric function.
Introduction
A cohomogeneity one action on a manifold M is used to construct special metrics or submanifolds with a certain property [3, 27] . More generally, one parameter family of hypersurfaces, not necessarily homogeneous, would play an important role to reduce some PDE to an ODE. Therefore, to investigate when and where such a family exists is important. In this paper, we consider a family of parallel hypersurfaces given by the level sets of a certain function, and investigate the geometric properties of the level sets as well as of M itself. Throughout the paper, M denotes a complete connected smooth Riemannian manifold without boundary, and ∇ and denote the Levi-Civita connection and the Laplacian of M, respectively. [32] .) A globally defined non-constant C 2 function f on M satisfying
Definition 1. (See
for a C 2 function b on the range of f in R, is called a transnormal function. If f satisfies, in addition to (I),
for a continuous function a on the range of f in R, f is called an isoparametric function. [11, 12] 
Fact 1. (See

.) Let f be an isoparametric function on a complete Riemannian manifold M. Then the following hold:
(1) A focal submanifold is austere and minimal.
(2) When M is closed, there exists at least one minimal hypersurface as a level set.
The codimension condition in (1) is necessary, as we have counter-examples in Section 2(ii). We also give a new proof of (2) using the mean curvature flow in Section 6. In this paper, "closed" means compact without boundary. Now, when does a transnormal function become an isoparametric functions? An immediate consequence of the condition (II) is that isoparametric hypersurfaces have constant mean curvature (CMC for short), see Section 6 . Is a transnormal function f isoparametric if the level sets have CMC? This is not true in general as is shown in (i) of Section 2.
When f is a transnormal function, let S( f ) be the set of singular foils, and put V + = {x ∈ M | f (x) = max f }, and V − = {x ∈ M | f (x) = min f }, which are called the focal varieties (possibly disconnected, or empty). Q.M. Wang shows that S( f ) ⊂ V + ∪ V − . When F f is non-singular and M is closed, S( f ) = ∅ = V + ∪ V − follows. Thus the equality does not necessarily hold.
Theorem 1.4. Let f be a transnormal function on a complete connected Riemannian manifold M, which satisfies S(
f ) = V + ∪ V − .
Then f is an isoparametric function if and only if every foil has constant mean curvature.
Next, we ask when foils of a transnormal function have CMC. This has been discussed in the case of symmetric spaces of compact type ( [28] , p. 675 in [30] ). Here, we consider the problem in the space forms, and prove Q.M. Wang's Theorems B and C [32] (1) and (2) do not mean that f itself is an isoparametric function. (3) implies that in the hyperbolic space, there is an essential difference between transnormal functions and isoparametric functions. We give a reason for this fact in Remark 7.1.
The paper is organized as follows: In Section 2, examples of transnormal and isoparametric functions are given in order to overview our argument. Then we introduce Q.M. Wang's and J. Bolton's results in Section 3 which are essential to prove Theorem 1.1. In Section 4, we prove Theorem 1.2, and use such standard transnormal function thereafter. For the proof of Theorem 1.3, we need Jacobi fields, which will be discussed in Section 5. The proof of Theorem 1.4 is given in Section 6, and that of Theorem 1.5 is in Section 7.
Examples of transnormal functions
Examples of transnormal and isoparametric functions on M = E n , S n , T 2 , K 2 and RP n , will give typical models of our argument.
(i) First, note that the level sets do not determine f , since for instance, both f (x) = |x| 2 and g(x) = cos |x|, x ∈ E n , have the same level sets; the round spheres. These two functions play an important role in Section 4.
2 , and f = 2n. Thus f is an isoparametric function on E n . Although |x| is not differentiable at x = 0, g(x) = cos |x| is of class C ω because of its Taylor expansion:
Moreover from
we obtain |∇ g| 2 = 1 − g 2 , and g is transnormal. However, g is not an isoparametric function, since the second term of
|x| is not a function of g. Note that each level set of f is connected, but that of g has infinitely many connected components. For g, the points satisfying |x| = nπ belong to V − ∪ V + , but the level set g −1 (±1) consists of hyperspheres and so are not singular foils except for the origin. Thus we have
To describe the transnormal system F f = F g , a use of f seems more natural.
(ii) Next we consider as M a rotational torus T 2 given by
With respect to the induced metric on T 2 , we have
and f is an isoparametric function. In this case, there are no focal submanifolds, i.e., S( f ) = ∅ but V ± ( f ) = ∅. Note that this T 2 is not a symmetric nor homogeneous manifold.
Concerning (2) (1, −y), the above f is an isoparametric function. Here, K 2 is a non-trivial S 1 -bundle over C .
(iv) Let θ be the angle between a point p ∈ S n and the north pole of S
is the simplest isoparametric function which is the restriction of the linear function
f = − f with respect to the connection of S n . The focal submanifolds are south and north poles f −1 (±1), which are minimal. Now, consider
and hence h is also an isoparametric function. The focal varieties associated to h are, in addition to points h −1 (1), the equator h −1 (0), which is also minimal (totally geodesic). In this way, isoparametric functions are not uniquely determined by isoparametric hypersurfaces.
(v) The function h given above is an isoparametric function on RP n , the real projective space obtained by identifying the antipodal points. The projection π : S n → RP n = S n / ∼ is a local isometry. Note that h −1 (1) is a point, and h −1 (0) = RP n−1 . Proof. An isoparametric function f on S n is essentially given by restricting a Cartan-Münzner polynomial F to S n , where F is a homogeneous polynomial on R n+1 with degree g satisfying two PDEs [20] . Here, g is the number of distinct principal curvatures taking values in {1, 2, 3, 4, 6}. When g is even, f = F | S n descends to a function on RP n , and f is isoparametric since π is a local isometry. When g = 1, we have done. 
Results of Q.M. Wang and J. Bolton
The following is fundamental: Now, let F be a transnormal system on M. For a "foil" F of F , we denote by e F the normal exponential map T ⊥ F → M. Since a normal geodesic of F cuts other "foils" orthogonally, we see that the distance between two "foils" of F is constant by the Gauss lemma. We put
The conjugate locus of F is the set of critical points of e F in T ⊥ F . Note that when F has a dense foil, the distance between two foils is not well-defined. However, including this case, J. Bolton proved: Note that the existence of a transnormal function on M is related with not only the topology but also the differentiable structure of M (see [11] ).
For later use, we show:
Lemma 3.2. Let f be a transnormal function on a closed manifold M. Then a geodesic γ normal to the foils is a closed curve.
Proof. In this case, each level set of f is t-regular. We may consider the singular case. Because M is closed, M is a union of two disk bundles over Q and Q by Theorem 1.1. Put dist(Q , Q ) = b and let γ be the normal geodesic of Q at p ∈ Q . Then γ cuts Q so that the distance between adjacent points of Q ∩ γ is 2b. If γ is not closed, Q ∩ γ consists of infinitely many points, and there is a subsequence in Q ∩ γ which converges to some q ∈ Q ∩ γ . However then, an ε-neighborhood of q in M has infinitely many connected components of Q ∩ γ , which contradicts that Q is a t-regular submanifold. 2
Proof of Theorem 1.2
The topological structure of M with transnormal system F is clear by Fact 3, and now, when F has t-regular foils, we construct a transnormal function f such that F = F f . Even if we start from a transnormal system associated with a transnormal function g, the new function f is not necessarily equal to g. We call f standard if each level set is connected.
Let F be a transnormal system with t-regular "foils". When there exists a singular "foil" Q of F , we can identify U = N <ε Q with e −1 Q (N <ε Q ) in T ⊥ Q for sufficiently small ε > 0. The following lemma is essential in the proof of Theorem 1.2.
Lemma 4.1. Let U be as above, and define g(x) = t(x)
2 , where t(x) is given by t(x)ξ p = e
. Also the function given by f (x) = cos(mt(x)) (m ∈ R) is of class C 2 , and satisfies
Proof. We may show that g(x) is of class C
is of class C ∞ , satisfying |∇ g| 2 = 4g on U . Also, since cost is a series of t 2 and the Taylor expansion converges uniformly, we obtain the lemma from ∇ f (x) = −m sin(mt(x))∇t(x). 2
Proof of Theorem 1.2. Note that when F has t-regular "foils", the conclusion of Theorem 1.1 holds, since e Q : T ⊥ Q → M restricted to a small tubular neighborhood of Q is a diffeomorphism onto its image.
(I) When F is non-singular, M is diffeomorphic to an R or S 1 bundle over some "foil" F . In the trivial R-bundle case, taking a unit normal vector field ξ along F , we can define f : M → R by
Then f is a smooth transnormal function with |∇ f | 2 = 1. When the R-bundle is non-trivial (see [25, Corollary 4] ), taking
2 where t(x) is locally defined by (4), we obtain a global function f (x), which satisfies |∇ f | 2 = 4 f , and f (x) is a transnormal function on M. In the S 1 -bundle case, let l be the length of a geodesic normal to the foils. Then e F covers the same point of M for t ∈ R modulo l. Thus
is well-defined on M, and f is a transnormal function on M by Lemma 4.1. The non-trivial S 1 bundle case is also settled by (5), as cos is an even function.
(II) Singular case: (i) When F contains a singular foil Q and M is a vector bundle over Q , we can apply Lemma 4.1 to M, and
is a transnormal function with |∇ f | 2 = 4 f .
(ii)(a) In this case, the normal geodesic γ of Q starting from a point q ∈ Q , comes back to (possibly a different point of) Q in a constant distance t = 2a > 0, and we may put ε = 2a in Lemma 4.1. Thus putting m = π/a, we define f by
which is a transnormal function by Lemma 4.1.
(b) In this case, if we put dist(Q , Q ) = 2a, the distance between adjacent points on Q ∩ γ is 4a. Obviously,
the right hand side is of class C 2 on M \ Q . Thus it is easy to see that f (x) is a transnormal function on M. 2 Remark 4.2. By our construction, f is standard in the sense that each level set is connected. Note that we use t-regularity as we use Lemmas 3.2 and 4.1.
Jacobi fields and shape operators
Let M be a complete connected Riemannian manifold. Let γ (t) be a geodesic of M with γ (0) = p, and denote ξ t =γ (t) and ξ =γ (0). A Jacobi field J (t) along γ (t) is a solution to
and R is the curvature operator of M. This is the second order linear differential equation of J (t), and the solution is determined by two initial data.
When N is a submanifold of M and γ (t) is a normal geodesic of N at p = γ (0) ∈ N, a Jacobi field J (t) along γ (t) is called an N-Jacobi field if it satisfies
where A ξ J = −∇ J ξ is the shape operator of N. The initial data (6) determines the N-Jacobi field J (t) uniquely. The following is well-known: [26] .) Let J (t) be a vector field along a geodesic γ :
Fact 4. (See Lemma 4.6 in II of
[0, b] → M with γ (0) = p ∈ N andγ (0) ∈ T ⊥ p N.
Then J (t) is an N-Jacobi field if and only if there exists a C ∞ variation of γ given by
where for each s ∈ (− , ), α s (t) = α(t, s) is a geodesic orthogonal to N at t = 0, and J(t) is given by ∂α ∂s | s=0 (t).
For a foil N = N 0 of a transnormal function f , let γ be the normal geodesic of N 0 through γ (0) = p ∈ N 0 with the arclength parameter. In this section, we denote by N t the level set of f through γ (t) (thus N t = f −1 (t) does not hold necessarily). Now, we denote the shape operator of N t by A t = A ξ t , ξ(t) =γ (t). We give a proof of the following assertion: [2] .) Let J (t) be an N-Jacobi field along γ . Then J(t) is an N t -Jacobi field for every t such that J (t) = 0.
Proof. Since F f is a transnormal system, a geodesic of M is orthogonal to each N t , if it is orthogonal to N.
and moreover from (6) , it follows that
On the other hand, we have
since J is a Jacobi field and α s (t) is a geodesic. Therefore, (7) implies
for all Y (t) tangent to N t , and hence J (t) is an N t -Jacobi field for t, J (t) = 0. 2 Proof of Theorem 1.3. Shifting a parameter, we may consider that c = γ (0) belongs to a singular foil Q . Let t ∈ (0, ε) be so that the first focal points of N t = N −t lie in Q (N t is the foil through γ (t)). For some fixed τ ∈ (0, ε), take a normal geodesic γ of N τ at p ∈ N τ . Since c is the focal point of N t , there exists independent N t -Jacobi fields J 1 (t), . . . , J m (t) which are tangent to N t and vanish at c, where m is the multiplicity of the focal point. Let
. . , J m (τ ), which generate a basis of T p N τ with J 1 (τ ), . . . , J m (τ ). Let J m+1 (t), . . . , J n−1 (t) be the N τ -Jacobi fields such that J m+i (τ ) = Y i . Then Proposition 5.1 implies
for each t = 0, where A t = A ξ t . Here, J m+1 (t), . . . , J n−1 (t) never vanish and are independent for |t| ∈ [0, ε), because the rank of the normal exponential map is constant for |t| ∈ (0, ε). If we put
then these determine the shape operator A t completely at all |t| ∈ (0, ε). Note that as t > 0 tends to 0, a ij (t) (m + 1 i, j n − 1) determine the shape operator B ξ of Q at c, operating on T c Q = span{ J m+1 (0), . . . , J n−1 (0)}. On the other hand, as t < 0 tends to 0, a ij (t) (m + 1 i, j n − 1) determine −B ξ , because the unit normal vector field of N t continuously defined along the fiber sphere S t of the tube N t is given by −ξ −t at γ (−t), t > 0, namely, outward to the tube N t . Since a ij (t) is continuous at t = 0, this means that the eigenvalues of B ξ and −B ξ coincide in total, namely, the eigenvalues of B ξ consist in pairs ±µ, or 0. Therefore, Q is austere and is minimal. 2
Remark 5.2. We do not need an explicit eigenvalues nor symmetry of M, which is used in the case of M = S n [14, 17] . The importance is the connectedness of the fiber sphere S t . We cannot apply the same argument to a codimension one foil in V ± .
Remark 5.3. The tubes of Q do not necessarily have constant mean curvature nor constant principal curvatures.
Proof of Theorem 1.4
In a general Riemannian manifold M, isoparametric hypersurfaces have not necessarily constant principal curvatures [31] . However, by the following well-known fact, they have constant mean curvature. [18] .) When f is a C 2 function on a Riemannian manifold M, a level set N t = f −1 (t) of a regular value t has the mean curvature H(t) 
Fact 5. (See
(n − 1)H(t) = ∇ f (|∇ f |) − |∇ f | f |∇ f | 2 . (11)
When f is an isoparametric function, the condition (II) implies that f is constant on N t , and so is
and N t has constant mean curvature.
Proof of Theorem 1.4. When a transnormal function f satisfies the assumption of the theorem, each level set is connected since it is a sphere bundles over a connected submanifold with connected fiber sphere [11, Proposition 2.1]. Here we denote F t = f −1 (t). If each F t has constant mean curvature, then the mean curvature is a continuous function of t. On the other hand, it follows from Lemma 6 in [32] , that the eigenvalues of the Hess f of f on V − (V + , resp.) are zeros or 1 2 b (α) ( 1 2 b (β).
resp.) with multiplicities being the dimension and codimension of V − (V + , resp.), respectively. Thus we obtain
which is a finite number. Since f is of class C 2 on M, f is continuous, and the above value coincides with the value of f on V − (V + , resp.). Therefore, f is a continuous function of f , namely, f is an isoparametric function. 2
Remark 6.1. The condition S( f ) = V + ∪ V − is necessary, since the transnormal function g in Section 2(i) with CMC foils is not isoparametric.
By the way, we give a proof of (2) of Fact 1 by using the mean curvature flow, namely, the flow with a variation vector field given by the mean curvature vector field H . Since H is constant in the isoparametric case, the family of isoparametric hypersurfaces gives the solution of the mean curvature flow, with a suitable change of t, if necessary. The first variation formula of the volume is given by (3) Take a totally geodesic H n−1 , then all the principal curvatures are 0. Let F be a hypersurface deformed slightly from H n−1 so that the principal curvatures λ i , 1 i n − 1 depend on points keeping |λ i | < 1 (see Fig. 1 , by S. Fujimori). Then λ i is written as tanh θ i (p), p ∈ F , and a hypersurface F t = φ t (F ), where φ t (p) = e F (tξ p ) and ξ p is a unit normal, is defined for all t ∈ R, as F has no focal points. Then F = {F t } is a non-singular transnormal system with t-regular "foils", and by Theorem 1.2, the function f (x) = t(x), x = e N (t(x)ξ p ) ∈ H n is a transnormal function on H n . However, the level sets F t are not isoparametric hypersurfaces because λ i and so the mean curvature depends on points. 2
